






under varying preload. The linear regression relations
for the two normal mice are

W 5 ~3.32 3 102!LCA 2 228.4 ~r 5 0.94! (5)

W 5 ~1.12 3 102!LCA 1 610.3 ~r 5 0.99! (6)

The linear regression relation for two diabetic mice are

Wdiabetic1 5 ~2.79 3 102!LCA 2 955.3 ~r 5 0.98! (7)

Wdiabetic2 5 ~7.9 3 102!LCA 2 5.116 ~r 5 0.96! (8)

The linear regression relation for the sick mouse is

Wsick 5 ~3.35 3 102!LCA 1 278.8 ~r 5 0.99! (9)

The individual values of Emax for the five mice are 3.37
and 3.70 (normal), 4.60 and 11.5 (diabetic), and 3.35

(sick). Note the persistence of high r values unrelated to
variation in Emax. Thus W and its time rate of change
LCA are linearly related for each individual mouse but
appear to be unrelated across the group. Interestingly,
dV/dP (compliance) can be treated as a lumped constant
(c) over one cardiac cycle for an individual, so that

Ẇex 5 P
dV
dP

dP
dt

5 cRdP
dt

dP (10)

Physiological hyperspace. The relationship between
the LVP limit cycle and the P-V loop can be further
appreciated through the use of 3D embedding dia-
grams in physiological hyperspace spanned by dP/dt-
P-V axes. A representative 3D embedding diagram for

Fig. 3. Illustrative example of continuous P-V data from 1 normal mouse. P-V data were obtained via conductance
catheter. Time-varying elastance [E(t)] is computed from P(t)/V(t). dP/dt and the time derivative of V (dV/dt) are
computed from P and V by differentiation, respectively. Note qualitative agreement of dV/dt tracing with
transmitral Doppler E and A waves in diastole and Doppler aortic outflow contour in systole. See text for details.
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a normal mouse with 2D projections onto the phase
plane, P-V plane, and V-dP/dt plane is shown in Fig. 5.

The equation describing the end-systolic P-V relation
is usually written as

P 5 Emax~V 2 Vo! (11)

where Emax is the (constant) slope and Vo is the inter-
cept along the V axis (see Fig. 2). Plotting the data as
a function of time, including P(t), V(t), E(t), and dP/dt,

as shown in Fig. 3, permits identification of specific
points of P(t), V(t), and dP/dt, where E(t) attains its
maximum (Emax) value. Hence the points corresponding
to Emax in the P-V plane (Fig. 2) can be identified in the
phase plane. Once Emax has been defined by using the
three coordinates, it can be drawn as illustrated in Fig. 5.
Note that this process is independent of the value of Emax.

The equation of a straight line in 3D space, through
an arbitrary point U1 (x1, y1, z1), where x1 5 V1, y1 5
dP/dt1, and z1 5 P1, is

~x 2 x1!/a 5 ~y 2 y1!/b 5 ~z 2 z1!/c (12)

where a, b, and c are proportional to the direction
cosines of the line. The projection of this line in the
phase plane (x 5 0 in hyperspace) is given by

dP/dt 5 mP 1 b (13)

where m is a slope. As expected, the projection of a line
in the 3D embedding diagram is a line in the P-V plane
(having slope Emax and V intercept Vo) and is also a line
in the phase plane having slope m and dP/dt intercept
b. The regression relation for points defined by Emax in
the P-V plane (see Fig. 5) mapped into the phase plane
yields m 5 226.04 and b 5 1,898 with r 5 0.834. To
facilitate 3D visualization of features of the data in the
embedding diagram, stereographic projection is pro-
vided in Fig. 6.

DISCUSSION

Embedding diagram in hyperspace: the arena for
phase plane-to-P-V plane interaction. Assessment of
ventricular function by using hemodynamic data is

Fig. 4. Data relating P-V loop area to limit cycle area is shown for 5
mice (2 normal, 2 diabetic, 1 sick). Note very strong linear correlation
(r 5 0.94, 0.99, 0.98, 0.96, 0.99) for each individual. Linearity was
predicted by energy-work criteria and underscores inotropy indepen-
dence of the method. See text for details.

Fig. 5. Three-dimensional (3D) embedding dia-
gram in physiological hyperspace. Cardiac cycle
contours are of V (x-axis) vs. dP/dt (y-axis) vs. P
(z-axis). The 2-dimensional projections of the 3D
contour onto the P-V plane (top left gray plot),
the phase plane (dP/dt vs. P) (top right gray plot),
and the dP/dt vs. V plane (bottom gray plot) are
shown. Note the linear relationship (line) in 3D
hyperspace, whose projection on the P-V plane is
Emax, where linear regression yields P 5
3.704271 p (V 2 16.67522) (r 5 0.988). The pro-
jection of this line onto the phase plane, referred
to as the “phase plane analog” of Emax, remains
linear with linear regression dP/dt 5 226.03880
p P 1 1,898.363 (r 5 0.834). See text for details.
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well established (26). In contrast, the technical diffi-
culties associated with P-V data acquisition have lim-
ited its clinical acceptance. Development of the conduc-
tance catheter (1) and proposed methods to measure
Emax by using single-beat methods (21) and bilinearly
approximated E(t) (17) have provided major advances.
However, broad clinical application has not yet been
attained, in part because of the lack of clinical studies
relying on Emax as an index for clinical decision
making.

To characterize the information content of the LVP
tracing more fully and thereby gain additional physio-
logical insight, we have advocated analysis of LV he-
modynamics in the phase plane (3). Novel insights
pertaining to 1) LCA to EF relation; 2) validity of the
exponential P decay assumption during isovolumic re-
laxation; 3) symmetry of ṗ1max and ṗ2min; 4) relation-
ship between the P values at which PC and PR occur;
and 5) comparison of PC and PR to Pmax have been
characterized.

In this report, we introduce the concept of four-
dimensional (4D) physiological hyperspace spanned by
P, V, dP/dt, and dV/dt. The particular 3D subset used
for embedding was motivated by the desire to elucidate
the relation between the phase plane and P-V plane-
derived indexes of LV function. Although many possi-
ble P-V-derived parameters exist, we elected to focus
on two items: the external W (P-V loop area)-to-LCA
relation and determining whether the analog of Emax is
also linear in the phase plane. These choices were
motivated by the significance of W as a physiological
index and the importance of Emax as a load-indepen-
dent index of contractility.

The highly linear regression relationship observed
between W and its time derivative power, as measured
by LCA (Eqs. 5–9), has physiological significance. It
implies that a differential relation of the form dW/dt 5
aW 1 b can be determined. Solving this relation for W
implies that W must have exponential time depen-
dence. This is an independent prediction of the method,

validated by the observed linear relationship between
W and LCA.

Furthermore, application of the method provided a
unique opportunity to determine whether the analog of
Emax in the phase plane can also be approximated by a
linear relationship. To facilitate 3D spatial visualiza-
tion of the data embedded in hyperspace, we include a
stereographic projection of the data of Fig. 5 in Fig. 6.
The location of the regression line defining Emax is
shown. It appears in the portion of the embedded
surface as it curves from the P-V plane into the dP/dt-P
plane. The proposed method is well suited for detailed
characterization of topological aspects of this portion of
the 2D surface in 3D space and determination of its
physiological significance as projected onto other planes.
Whether the end-systolic P-V relation is curvilinear (9)
or linear (12, 17) remains a topic of ongoing investiga-
tion. For data in the physiological range, a linear ap-
proximation is used, although reliance on linear re-
gression for Emax may generate negative values of the
“stress-free” Vo. In the present example, we note that
the r value in the P-V plane for the best linear fit for
Emax was r 5 0.99, as can be observed in Figs. 2 and 5.
The linear best fit for the same set of points in the
phase plane yielded r 5 0.85. The (small) decrease in r
value is consistent with curvilinearity of the end-sys-
tolic P-V relation. Additional work remains to elucidate
fully the extent to which a linear approximation to
Emax is applicable in other coordinates of hyperspace.

Alternative choices for hyperspace coordinates. From
the perspective of nonlinear dynamics, considering P
and V as canonical variables of ventricular function, it
is natural to include their derivatives dP/dt and dV/dt.
The 4D physiological hyperspace for ventricular func-
tion analysis is spanned by P, V, and their derivatives.
The mechanical (one-dimensional) analogs are force (F)
and distance (x) and their time derivatives dF/dt and
velocity (dx/dt). Because of the physiological relevance
of the P-V plane and the phase plane, we investigated
embedding data in 3D dP/dt-P-V space in this report.

Fig. 6. P-V-dP/dt loops for the same
mouse as Fig. 5 displayed stereo-
graphically to aid 3D visualization of
physiological data embedded in hy-
perspace. Label along the vertical axis
has been suppressed for clarity. The
straight line is the hyperspace equiva-
lent of the linear end-systolic P-V rela-
tion (Emax) encountered in the P-V
plane. See text for details. (To generate
3D effect, view figure by moving it
gradually from very close until images
fuse.)
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Three additional choices for 3D embedding using P and
V and their time derivatives remain. These are P-V-
dV/dt, P-dV/dt-dP/dt, and V-dV/dt-dP/dt. The full rich-
ness of physiological relations that can be realized by
analysis of 3D embedding diagrams using these axes
has yet to be evaluated. In addition, the topological
attributes of physiological data using these choices
remain to be investigated. The particular 3D space
spanned by P-V-dV/dt, providing work (P-V)-flow (dV/
dt) information, is likely to be particularly interesting.
This is in part due to our ability to obtain V and dV/dt
data noninvasively in the form of echocardiographic
transmitral Doppler (inflow) and aortic Doppler (out-
flow). Figure 3, bottom, shows features usually ob-
tained by Doppler echocardiography. The two positive
(upward) deflections in diastole correspond to the
transmitral E and A waves. The negative (downward)
deflection during systole corresponds to aortic outflow
(the spike present on the tracing during outflow is an
artifact). Similarly, embedding data in the V-dV/dt-
dP/dt space is of interest because the instantaneous P
gradient dP, which is a relative rather than absolute
measure of P, can be estimated noninvasively via the
Bernoulli equation and measurements of flow velocity
via Doppler echocardiography. For these reasons,
among others, analysis of hemodynamics in hy-
perspace and its 3D embedding represents a novel
opportunity for discovery of new physiological relation-
ships. An additional benefit of the proposed method is
its generality. Specifically, the method is essentially
topological. As such, it is independent of the presence
or absence of inotropic stimulation. The method is
ideally suited for investigation when response to neg-
ative or positive inotropic stimulation to determine
how Emax varies in a particular preparation is the goal.

In conceptual terms, the method can facilitate the
development of novel (mathematical) models of LV
function whose viability can be tested based on agree-
ment of model prediction with experimental data ana-
lyzed in hyperspace.

In experimental terms, application of the proposed
method to human physiology can elucidate whether
Emax remains linear in the phase plane and in the
other 2D subsets of hyperspace, whether Emax occurs at
the loci of points where the dP/dt-V relation has max-
imum curvature (see Fig. 5), and whether the relation
dP/dt (V) 5 P (dV/dt) remains valid, as required by the
definition of Emax. Application in selected pathological
states, such as diabetes, hypertension, or congestive
heart failure, or states having primarily diastolic dys-
function or constrictive/restrictive physiology is partic-
ularly enticing.

Limitations. The mouse data included preload alter-
ation and permitted derivation of regression relations
between W and LCA and determination of Emax and its
analog in the phase plane. Afterload variation could
have provided further information regarding the load
dependence of these regression relations. Although
data from additional animals are of definite interest,
data from only five animals sufficed to illustrate how

the method can be used. The strong linear correlation
of W to LCA and linearity of Emax analog in the phase
plane underscores the potential of the method.

Conclusion. High-fidelity conductance (P-V) catheter
data from five mice (2 normal, 2 diabetic, 1 sick) were
analyzed by using 3D embedding in 4D physiological
hyperspace. The method is topological, is independent
of inotropic state, and permitted determination of the
LCA-to-P-V loop area (W) relation. As predicted by
work-energy considerations, very strong linear corre-
lation between W and LCA was observed (r 5 0.97) for
all five animals, indicating that power and work obey
first-order kinetics. The equivalent of the end-systolic
P-V relation (Emax) was determined in the phase plane
and was found to be linear where its physiological and
functional significance remains to be fully elucidated.
The feasibility of our method of embedding physiolog-
ical data in hyperspace has been demonstrated. It
facilitates characterization of novel ventricular func-
tion relationships. Work regarding the range of possi-
ble hyperspace relationships and their physiological
interpretation has begun.
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